We study the behavior in the remote past and future of solutions of an equation of motion for charged particles proposed by Rohrlich, for the special case in which the motion is in one spatial dimension. We observe that an appropriate "initial condition" to uniquely specify a solution is a specification of the four-velocity u(τ ) on a closed interval of proper time a ≤ τ ≤ b, subject to a consistency condition at the endpoints.
Introduction
The correct equation to describe the motion of a charged particle in flat spacetime (Minkowski space) has long been a matter of speculation and controversy. The most-mentioned candidate has been the Lorentz-Dirac equation, written here for units in which light has unit velocity and metric tensor of signature [+, −, −, −] :
This is written in traditional tensor notation with repeated indices summed and emphasized in Greek; u = u i denotes the particle's four-velocity, m and q its mass and charge, respectively, τ its proper time, and F ij the (antisymmetric) tensor describing an external electromagnetic field driving the motion.
However, many objections have been raised to this equation. Among them are the existence of "runaway" solutions in which the acceleration increases exponentially with proper time even when the external field asymptotically vanishes. In some physically reasonable situations, all solutions are runaway (Eliezer, 1943 ; for later references see Parrott, 1987 , Section 5.5).
Even in favorable cases in which non-runaway solutions may exist, they may exhibit so-called "preacceleration" in which the particle begins to accelerate before the external field is applied (Rohrlich, 1965) . Rohrlich (1997 Rohrlich ( , 1999 has recently proposed a new equation of motion which he claims without proof "[has] no pathological solutions". This paper derives from a study of this equation with the aim of verifying or refuting these claims.
We shall show that for the case of a nonzero external force applied for a finite time, Rohrlich's equation does admit preaccelerative solutions, and for these the acceleration does not vanish asymptotically in the distant past. However, these preaccelerative solutions can be eliminated by appropriate choice of generalized initial conditions (defined below). Assuming this choice, all solutions exhibit "postacceleration", meaning that the acceleration persists after the external field is turned off.
Postacceleration is not as bad as preacceleration because there is no violation of causality, but postaccelerative solutions could be considered pathological. Suppose we are sitting in a room shielded from electromagnetic fields watching a beam of identical charged particles shoot in the window. It would seem strange if some of the particles followed straight lines, while others speeded up or slowed down for no apparent reason, according to their past histories. This is what Rohrlich's equation predicts.
Rohrlich's equation is a modification of the following equation proposed by (Caldirola, 1956 ):
This is written in units in which the velocity of light is c, and
−23 sec is a constant with the dimensions of time. With appropriate units employing our convention that the velocity of light is unity, this can be written:
The actual transformation laws are more complicated than merely replacing c by 1 in (2), but nevertheless (3) results if units of charge are unchanged, and units of mass are changed consistent with the change in velocity of light (Parrott, 1987 , Appendix on Units). The motivation presented by (Caldirola, 1956 ) involves starting with the Lorentz equation (the classical force equation ignoring radiation reaction),
and attempting to replace du i /dτ by the difference quotient
But since both sides of (4) are orthogonal to u, while (5) need not be, one ought to project (5) into the subspace orthogonal to u(τ ). This projection will kill any multiple of u(τ ), so the resulting equation can be rewritten as (3) Rohrlich (1997) suggested the following modification of (3):
Here f (τ ) = f i (τ ) is a force orthogonal to u(τ ), and m 1 and m 2 are parameters associated with his motivation of the right side as an approximation to the selfforce on a spherical surface charge. (The sign of the second term in brackets differs from his because his metric is opposite in sign to ours.) (Rohrlich, 1997) attributes (6) to (Caldirola, 1956 ), but (6) is not mathematically equivalent to (3), and (Caldirola, 1956 ) did not propose it. For example, Caldirola's equation for a compactly supported nonzero force admits solutions without pre or post-acceleration, unlike Rohrlich's equation.
Moreover, Caldirola attached particular importance to certain periodic solutions of his equation with vanishing force, which he conjectured might be employed to describe internal motions of the particle, similar to spin. Rohrlich's equation does not admit such solutions, so it's not clear that Rohrlich's modification is in the spirit of Caldirola's ideas.
At first it seemed unclear whether Rohrlich's modification (6) of Caldirola's equation should be called the "Rohrlich equation", the "Rohrlich-Caldirola equation", or the "Caldirola-Rohrlich" equation. In the end, it seemed that its motivation and content are sufficiently different from Caldirola's that it should be attributed to Rohrlich alone. We note in passing that (Rohrlich, 1997) mentions several precursors of (6) or its motivation, and also (Caldirola, 1956 ) mentions several precursors of his proposal. Although Rohrlich's motivation for (6) involves thinking of the particle as a charged sphere, the equation of motion itself is the equation for a moving point, the center of the sphere. Thus the Rohrlich equation is mathematically the equation of a point particle, and we shall consider it as such; the motivation of the charged sphere will not enter into our considerations.
To study (6) , it will be convenient to eliminate inessential constants by introducing a new time unit equal to τ 0 old time units and by using available notational freedom to absorb the two parameters m 1 and m 2 into a single parameter m, obtaining m du
This can be done by dividing both sides of (6) by m 2 , and renaming f and m 1 . We will also call this simplification the "Rohrlich equation", and its analysis will be the subject of the rest of the paper.
The Rohrlich equation for one-dimensional motion
We shall study the Rohrlich equation for the case of motion in one space dimension. Analysis of this special case turns out to be sufficient to answer the questions motivating this work.
For this case, we may work in a two-dimensional Minkowski space with typical vector x = (x 0 , x 1 ) and metric tensor g(
where this defines the "rapidity" parameter θ. Define
so that w is a spacelike unit vector orthogonal to u, and any vector orthogonal to u must be a multiple of w.
In the simplified Rohrlich equation (7), all of du/dτ , f , and the bracketed term are orthogonal to u, and hence multiples of w. This can be seen explicitly for the left side:
It is natural to name
the "scalar proper acceleration". Write f = Ew , where this defines the scalar E. When f i = F i α u α is a Lorentz force, E is the electric field (nominally relative to the Lorentz frame corresponding to the basis u, w for two-dimensional Minkowski space, but actually relative to the Lorentz frame determined by any orthogonal basis, as is revealed by straightforward calculation).
The bracketed term of (7), being a multiple of w, is equal to its projection on w. The projection of an arbitrary vector v on w is −v α w α w, so the projection of the bracketed term of (7) on w is w multiplied by the scalar
Projecting the entire Rohrlich equation (7) on w yields the equivalent scalar equation
We shall also call this the "Rohrlich equation" (for one-dimensional motion). Equation (11) may be regarded as a delay-differential equations of the general
with Φ a given function. If we imagine E(τ ) as a given function of proper time τ , then (11) is of the form (12) with Φ(τ, r, s) :
In general, the situation is more complicated because θ is defined by (8), with u i := dz i /dτ , where z i (τ ) represents the particle's wordline. Then E is usually not explicitly given as a function of proper time, but instead is given as a function E(z, u) = E(z(τ ), u(τ )) of the Minkowski coordinates and four-velocity, with its proper time dependence acquired indirectly from the time-dependence of the latter. However, we may still regard the Rohrlich equation (11) as of the form (12) by imagining solving (11) for θ(τ ), which determines u(τ ), then z(τ ), and finally E(z(τ ), u(τ )). Following common abuse of notation, we write E(τ ) in place of E(z(τ ), u(τ )).
This shows that θ does satisfy some delay-differential equation of the form (12). We shall show that this severely restricts the form of the function θ(τ ). For example, we'll show that if τ → E(τ ) has compact support, then θ must be bounded on any semi-infinite interval [τ 0 , ∞).
Similar remarks apply to the equation obtained by differentiating (11):
This may also be regarded as of the form (12) if we imagine that we have already solved for θ. At first sight this may seem strange because if we have solved for θ, then we also have A := dθ/dτ , so there is no need to solve (13) for A. Nevertheless, the observation that A satisfies an equation of the form (13) is useful because it severely constrains A. For example, we'll show that it implies that for a force E(·) with compact support, lim τ →∞ A(τ ) exists. Then combining this with the above-mentioned fact that θ is bounded will imply that in fact lim τ →∞ A(τ ) = 0, which will show that for a force applied for only a finite time, there are no solutions which are runaway in the future.
The delay-differential equation
Let the function Φ in the delay-differential equation (12) be C 1 (i.e., continuously differentiable). Suppose that τ → λ(τ ) satisfies this equation. If we regard λ(τ ) as given on some interval [n − 1, n], then (12) becomes an ordinary differential equation for λ on [n, n + 1] of the form
which is covered by the standard existence and unigueness theorems. This observation reveals the general structure of solutions of (12). Choose λ(·) to be an arbitrarily chosen C 1 function on any closed interval of length 1, say the interval [0, 1], subject to the consistency condition
where the derivative in (15) is understood as a derivative from the left. Then (12) determines a unique solution λ(τ ) on some maximal interval 1 ≤ τ < δ with δ ≤ 2. We shall show below that for the equations of interest to us, namely (11) and ( Iterating to the left to obtain a unique solution on (−∞, 0] determined by λ restricted to [0, 1] involves inverting s → Φ(τ + 1, λ(τ + 1), s) for fixed τ . For equations (11) or (13), this is trivial. For example for (11), given θ(τ ) defined for 0 ≤ τ < 1, simply define θ on the "preceding" interval −1 ≤ τ < 0
where the derivative dθ/dτ (τ + 1) is understood as a derivative from the right when τ + 1 = 0.
Special cases of the delay-differential equation
The delay-differential equation (12) relates the solution λ(·) on an interval [α, α+ 1] to the solution on the "preceding" interval [α−1, α]. The following proposition shows that for a class of equations which includes (11) and (13) (the latter with θ regarded as given, a priori), the maximum of λ on an interval [α, α + 1] is no greater than the maximum on the preceding interval [α − 1, α]. Similarly the minimum of λ on [α, α + 1] is no less than the minimum on the preceding interval.
For an arbitrary C 1 real-valued function λ on the real line, and arbitrary α < β, define: s) is a strictly increasing function satisfying Ω(τ, 0) = 0. Let λ be a solution of a delay-differential equation of the special form
Then for all α,
Proof: For notational simplicity we take α := 0. Thus we will prove that
The proof of the corresponding assertion for m, which only requires reversing a few inequalities, will be omitted. Let τ max denote a point in [1, 2] with
If τ max is an interior point of [1, 2] , then
and since s → Ω(τ, s) is strictly increasing and zero only at s = 0, we have
If τ max = 1, then
If τ max = 2, then we must have
otherwise there would be points τ < 2 with λ(τ ) > λ(2) (i.e., the graph of λ would be going down at 2), contradicting λ(2) = λ(τ max ) ≥ λ(τ ) for all 1 ≤ τ ≤ 2. Now from (22) and (19),
so again using the fact that Ω(2, s) is increasing with Ω(2, 0) = 0, we conclude that λ(1) − λ(2) ≥ 0. Finally,
Now we prove that given an arbitrary C 1 specification of λ(·) 
where Ω satisfies the hypotheses of that Proposition. Then there exists a unique
Proof: If we regard λ(τ − 1) = ψ(τ − 1) as given on 1 ≤ τ ≤ 2, then equation (23) is covered by the standard existence and uniqueness theorems for ordinary differential equations (e.g., Perko, 1996, Chapter 2). By these results, given the initial condition λ(1) = ψ(1), there exists a maximal interval [1, δ), 1 < δ ≤ 2, such that there exists a C 1 solution λ on [1, δ) satisfying that initial condition. Moreover, if λ(τ ) remains in a compact set for 1 ≤ τ < δ, then δ = 2 (Perko, 1996, Section 2.4, Theorem 2).
In other words, the only way the solution can fail to be globally defined is if it blows up. By Proposition 1, our solution does not blow up; hence it is defined for 0 ≤ τ ≤ 2. Iteration produces a solution defined on [0, ∞).
We can also iterate to the left to obtain a solution defined on (−∞, ∞), assuming that for fixed τ we can invert s → Ω(τ, s). The inversion is trivial for equations of the form (11) and (13), so we have: (11), defined for −∞ < τ < ∞ and satisfying
] satisfying the consistency condition (15). Then for any
The same holds with A in place of θ for the acceleration equation (13), provided we regard θ as given a priori and assume that E(·) is C 2 , so that dE/dτ is C 1 . These simple propositions imply quite a lot. Consider the Rohrlich equation 
A glance at (13) shows that this implies that A(τ ) vanishes identically for τ ≤ 0, and so θ is constant (i.e., the velocity is constant) for τ ≤ 0. So, we see that even for a compactly supported force (indeed, even for identically zero force), there are solutions of the Rohrlich equation which do not vanish asymptotically in the past. These solutions also exhibit "preacceleration". However, for a compactly supported force, we can choose the initial specification (24) of A so as to eliminate these pathological solutions.
The situation for a force which is not compactly supported seems unclear. It does not seem obvious how to choose the initial specification so as to force A to vanish asymptotically as τ → −∞ when E does. Since the theory is physically incomplete unless one gives a prescription for an initial specification of θ on some interval of length 1, this is a point which advocates of Rohrlich's equation should address.
Suppose we have agreed on such a prescription. We might define A as preaccelerative if there exist two force functions E 1 and E 2 with E 1 (τ ) = E 2 (τ ) for τ ≤ 0, but A 1 (τ ) = A 2 (τ ) for some τ < 0, where A 1 and A 2 denote the corresponding accelerations obtained by solving the Rohrlich equation. It does not seem obvious that there is a prescription which will outlaw preaccelerative solutions.
Next we observe that either preacceleration or "postacceleration" is essentially built into the Rohrlich equation; in the situations which we consider, eliminating one guarantees the other. Suppose E(τ ) vanishes for τ ≤ 0 and for τ ≥ 1. To rule out preacceleration, we choose θ(τ ) constant (i.e., A(τ ) ≡ 0) for τ ≤ 0. For simplicity, let's also assume θ(τ ) ≡ 0 for τ ≤ 0. This latter assumption is not necessary, but it makes the argument a little easier, and showing that postacceleration is essentially unavoidable in this special situation makes our point.
Then for 0 ≤ τ ≤ 1, θ satisfies
And for 1 ≤ τ ≤ 2, it satisfies
The solution will exhibit postacceleration unless A vanishes identically in (26), in which case θ(τ − 1) − θ(τ ) ≡ 0 for 1 ≤ τ ≤ 2, and the acceleration equation (13) becomes
But that says that A(τ ) also vanishes identically for 0 ≤ τ ≤ 1, which can be consistent with (25) only if
We noted above that 0 = A = dθ/dτ for 0 ≤ τ ≤ 1, and this can be consistent with (27) only if E(τ ) is constant for 0 ≤ τ ≤ 1. But we are assuming that E is C 1 , and E(0) = 0 (because E(τ ) vanishes for τ < 0), so if E is constant on [0, 1], it must vanish identically.
Obvious extensions of this argument show that for compactly supported E, all solutions which are not preaccelerative are postaccelerative except in the trivial case in which E vanishes identically.
Forward asymptotics for compactly supported force
This section proves that solutions of the one-dimensional Rohrlich equation (11) for eventually vanishing force have proper acceleration asymptotic to zero and asymptotically constant velocity in the future:
Thus replacing the Lorentz-Dirac equation by Rohrlich's equation does eliminate the undesirable "runaway" solutions of the former.
Suppose that E eventually vanishes, and choose the origin of time so that
We shall consider the related equation
Here φ will be a given function on [0, 1], and g another function with the same domain. We will think of φ as fixed until further notice, and of (30) as a mapping which assigns to each g another function h. We will show that this mapping is a strict contraction relative to a certain Banach space norm. Let C[0, 1] denote the real Banach space of all continuous real-valued functions on [0, 1] with the supremum norm · ∞ : for g ∈ C[0, 1],
Let B denote the Banach space which is the quotient of C[0, 1] by the onedimensional subspace of constant functions. For g ∈ C[0, 1], letg denote its image in B under the quotient map. Denoting by 1 the function constantly equal to 1, and by R the real field, the quotient norm · on B is:
The first equality is the definition of the quotient norm, and the last is a simple exercise. Let φ be a given function, and consider the linear mapping Q φ :
where h is the unique solution of (30). DefineQ φ : B → B to be the analog of Q φ on the quotient space B: for all
We see thatQ φ is well-defined by noting that for any α ∈ R,
and also (h + α1)(0) = h(0) + α = g(1) + α = (g + α1) (1) . Thus if we alter g by adding a constant α to it, then we also alter the solution of (30) by the same additive constant, so that the h in (33) depends only on the equivalence class of g in C[0, 1] modulo the constants. Next we show that for any non-negative φ, the mappingQ φ : B → B is a strict contraction. Actually, we'll need the following stronger fact giving a uniform bound on Q φ for any bounded set of non-negative φ:
Lemma 4 Given any constant k 0 , there is a constant k < 1 such that for all non-negative functions φ with φ ≤ k 0 , and for all g ∈ C[0, 1],
Proof: For each non-negative function φ ∈ C[0, 1], define
Note that since φ is non-negative, ψ is non-decreasing. Then for any g ∈ C[0, 1], (Q φ g)(τ ) = h(τ ) with h the solution to (30):
Since g(1) − M (g) ≤ 0 and ψ is non-decreasing,
Similarly,
and since g(1) − m(g) ≥ 0 and ψ is non-decreasing,
Subtracting the inequalities (35) and (36) shows that for each non-negative φ, Q φ is a strict contraction:
Finally, the uniformity condition follows from (37) with k := 1 − e −k0 , since φ ≤ k 0 implies ψ(1) ≤ k 0 and hence 1 − e −ψ(1) ≤ 1 − e −k0 . Now we prove the main result of this section:
Theorem 5 If the force τ → E(τ ) in the Rohrlich equation (11) has compact support, then there is a constant θ ∞ such that
Proof: We choose the origin of proper time so that E(τ ) = 0 for τ ≥ 0. In solving the acceleration equation (13) More precisely, define an operator T on C[0, 1] to be right translation by one unit:
Though we don't know θ(τ ) for 0 ≤ τ ≤ 1, we do know from Proposition 1 that it is bounded above and below by bounds no worse than on the preceding interval −1 ≤ τ ≤ 0. Hence we have the a priori bound
The solution A(τ ) for 1 ≤ τ ≤ 2 is similarly obtained, except that the Q φ is different because the φ is different. However, Proposition 1 shows that we have the same a priori bound on the new φ ∞ . After n applications of Lemma 4, we find that
This implies that A|[n − 1, n], becomes asymptotically constant as n becomes large. The constant must be zero because A = dθ/dτ , and the previous section showed that the rapidity θ is bounded on [0, ∞]. Hence
Finally, we show that the rapidity (hence the velocity) becomes asymptotically constant in the future: for some constant θ ∞ , 
Similarly, if τ + n < τ − n , then A(τ n ) ≤ −δ for some τ n ∈ [n, n + 1]; both this and (41) contradict the previously established fact that lim τ →∞ A(τ ) = 0.
There exists a unique C 1 solution θ(·) of (11) satisfying any C 1 generalized initial condition, and hence a unique four-velocity u(τ ) = (cosh θ(τ ), sinh θ(τ )) and worldline τ → z(τ ) with dz/dτ = u(τ ) (by integration, with arbitrary specification of z(0)).
2. For the case of a force τ → E(τ ) applied for only a finite time (i.e., compactly supported force), there exist solutions which do not vanish asymptotically in the distant past. Such solutions seem unphysical. For simplicity of language, we will call them "past runaway" solutions even though we do not know that the acceleration becomes unbounded in the infinite past.
However, for compactly supported force, there exists a unique choice of generalized initial condition which eliminates these past runaway solutions. This seems the physically relevant choice of initial condition.
3. For a force not compactly supported, it has not been proved that there is an appropriate choice of generalized initial condition to eliminate past runaways. Indeed, it seems unclear what such a choice might be. If Rohrlich's equation is to be used to predict the motion of actual particles, some definite procedure for specifying the generalized initial condition would be necessary.
physics rests in principle on quantum mechanics, there do exist consistent and sensible classical theories in many areas. The present theory of classical charged particles cannot be considered sensible. It is interesting that the Lorentz-Dirac equation has survived as the principal candidate for a classical equation of motion despite predictions so bizarre (e.g., Eliezer, 1943 , Parrott, 2002 that no one will admit to believing them. The reason for the survival may be the fundamental nature of Dirac's derivation of the equation. If one accepts mass renormalization (admittedly controversial), then one can convincingly obtain the Lorentz-Dirac equation from the principle of conservation of energy-momentum with no approximations whatever. One does not lightly discard such mathematically tight arguments.
The motivations of many other proposed equations of motion are aesthetically less pleasing. Most consist of more or less ad hoc modifications of the Lorentz-Dirac equation which do not obviously lead to its bizarre predictions. (This is not the same as saying that the modifications obviously do not lead to similarly bizarre predictions!) Among those are Eliezer's equation (Eliezer, 1948) 1 and Rohrlich's equation. Assuming that one is willing to believe in postacceleration, Rohrlich's equation seems physically possible, but not physically compelling. It is not clear in what sense, if any, solutions of Rohrlich's equation conserve energy-momentum. It would be desirable to find a convincing, mathematically rigorous way to relate Rohrlich's equation to the principle of conservation of energy-momentum.
